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Recently has been observed for some one-dimensional models that exhibit unexpected pseudo-
transitions and quasi-phases. This pseudo-transition resembles a first- and second-order phase
transition simultaneously. One of those models is the spin-1/2 Ising-XYZ diamond chain, com-
posed of Ising spin particles at the nodal sites and the Heisenberg spin particles at the intersti-
tial sites. Where we assume Ising-type interaction between the nodal and interstitial sites, the
Heisenberg-type interaction between interstitial sites, and with an external magnetic field applied
along the z-axis. This model presents an exact analytical solution applying the transfer matrix
technique, which shows 3 phases at zero temperature in the vicinity of pseudo-transition. The
pseudo-transition separates quasi-phases, these quasi-phases still hold at a finite temperature most
of the pattern configurations of a true phase at zero temperature. Here we study the quantum
entanglement of pair spin particles in the quasi-phase regions, which can be measured through the
concurrence. Then we observe an unexpected behavior in the concurrence, that is below pseudo-
critical temperature the concurrence remains almost constant up to pseudo-critical temperature, but
above the pseudo-critical temperature, the concurrence behaves as for the standard one-dimensional
spin models. Further, we consider the entropy behavior of the system, below pseudo-critical
temperature the entropy becomes almost null, while above pseudo-critical temperature the system
exhibits standard behavior as for ordinary one-dimensional spin models.
PACS numbers: 75.10.Pq; 75.40.Cx; 75.30.Kz; 05.50.+q; 03.67.Mn; 65.40.gd
I. INTRODUCTION
The entanglement is one of the most emblematic prop-
erties of quantum systems, which have been investigated
in several fields, particularly in quantum information[1–
4], quantum computing[5, 6], among others. Quantum
entanglement in spin systems is a relevant emerging
field. In fact, spin chains are suitable candidates for
generation and manipulation of entanglement[7, 8]. The
Heisenberg spin chain has been suggested to construct
a quantum computer in many physical systems such as
quantum dots[9], nuclear spin[10], electronic spin[11],
superconductor[12], and optical lattice[13].
In the context of the spin chain with diamond
structure, the Ising-Heisenberg diamond chain can de-
scribe the features of some real compounds, such as
Cu3(CO3)2(OH)2, known as the mineral azurite[14],
which has attracted a great deal of attention. Be-
sides, the magnetic properties of the mineral likasite
Cu3(OH)5(NO3)·2H2O[15], that for some conditions can
be described as a diamond chain.
Recently, several studies have been achieved concern-
ing the thermal entanglement in spin diamond chains[16–
20]. The quantum teleportation through a couple of
Ising-XXZ diamond chain has also been examined in de-
tail in reference [21]. Furthermore, the quantum correla-
tion has been quantified by the trace distance discord to
describe the quantum critical behaviors in the Ising-XXZ
diamond structure at finite temperature[22].
Despite the absence of finite-temperature phase tran-
sitions in one-dimensional models, some peculiar mod-
els exhibit the so-called finite-temperature pseudo-
transition, as discussed by Ferrari and Russo [23]. Using
the formalism of the microcanonical ensemble to a unidi-
mensional chain, where a critical region was observed ex-
hibiting an unusual behavior of insensitivity due to ther-
mal excitation, leading to a pseudo-phase transition.[23].
On the other hand, the evidence of pseudo-transition and
quasi-phases were also observed in canonical ensemble
formalism[24].
More recently, were also observed this unusual be-
havior in one-dimensional models with some pecu-
liar chain structures which exhibit a quasi-phases and
pseudo-transitions[25]. This evidence has been ob-
served in the following models: the Ising-XYZ dia-
mond chain structure in an external magnetic field[26],
the double-tetrahedral chain with mobile electron[27],
the Ising-Heisenberg ladder model, which is equivalent
to the mixed spin-(3/2, 1/2) Ising-Heisenberg diamond
chain[28] and the spin-1/2 Ising-Heisenberg triangular
tube chain[29].
Inspired by the above results, we will investigate the
thermal entanglement and entropy behavior around the
quasi-phase region for a spin-1/2 Ising-XYZ diamond
chain. Although this model has already been studied
in previous works, where some of the authors investi-
gated properties such as magnetization, quantum entan-
glement, and magnetocaloric effect[26, 30]. Here we fo-
cus on the pseudo-transition neighborhood, which exhibit
unexpected effects.
This paper is organized as follows: In Section II, we
briefly review the model. Then the leading results of ther-
mal entanglement and entropy behaviors are discussed in
detail in the neighborhood of the quasi-phase region in
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Figure 1: Schematic representation of a spin-1/2 diamond
chain with Ising spins σ localized in the nodal sites, and
Heisenberg spins S localized in the interstitial sites. The cou-
pling parameters are J0, Jz and J , whereas γ describes the
xy-anisotropy.
Section III. Finally, in Section IV, we summarize our con-
clusions.
II. HAMILTONIAN OF THE MODEL
Let us consider the Hamiltonian of the Ising-XYZ di-
amond chain as a sum of the Hamiltonian per unit cell
H = ∑Ni=1Hi. This Hamiltonian already was discussed
in reference [26], which is described schematically in
Fig.1. Here we rewrite this Hamiltonian as:
Hi =− J(1 + γ)Sxa,iSxb,i − J(1− γ)Sya,iSyb,i
− JzSza,iSzb,i − J0(Sza,i + Szb,i)(σi + σi+1)
− h(Sza,i + Szb,i)−
h
2
(σi + σi+1), (1)
where Sαa(b)(α = x, y, z) denotes the Heisenberg spins
and σi corresponds to the Ising spins. Whereas γ means
the xy-anisotropy, J0 represents the Ising-type interac-
tion between nodal and interstitial sites, J and Jz are
the Heisenberg-type interaction between interstitial sites.
We assume the system is subject to an external magnetic
field h along the z−axis.
The eigenvalues of the Hamiltonian (1) for the i-th unit
cell are given by:
e1 = −hµ
2
− Jz
4
+ ∆(µ), (2)
e2 = −hµ
2
− J
2
+
Jz
4
, (3)
e3 = −hµ
2
+
J
2
+
Jz
4
, (4)
e4 = −hµ
2
− Jz
4
−∆(µ), (5)
where µ = σi + σi+1 and ∆(µ) =
√
(h+ J0µ)2 +
1
4J
2γ2.
The corresponding eigenstates of the Hamiltonian in the
standard basis {|++ 〉, |+− 〉, |−+ 〉, |−− 〉} are:
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Figure 2: Phase diagram in the plane γ-h at zero temperature,
for fixed parameters J = 100, J0 = −24 and Jz = 24.
|ϕ1〉 = 1√
1 + α2+
(
α+|++ 〉+ |−− 〉
)
, (6)
|ϕ2〉 = 1√
2
(|−+ 〉+ |+− 〉) , (7)
|ϕ3〉 = 1√
2
(|−+ 〉 − |+− 〉) , (8)
|ϕ4〉 = 1√
1 + α2−
(
α−|++ 〉+ |−− 〉
)
, (9)
where α± =
−Jγ
2h+2J0µ±2∆(µ)
.
A. Ground states and quasi-phases
First, let us analyze the phase diagram at zero temper-
ature of the Ising-XYZ diamond chain. We can observe
that the phase diagram, illustrated in Fig.2 displays three
phases: the eigenstates describe one ferrimagnetic phase
(FI) and two modulated ferromagnetic phases (MF0)
and (MF2), these phases are:
|FI〉 =
N∏
i=1
|ϕ2〉i ⊗ |+〉i, (10)
|MF0〉 =
N∏
i=1
|ϕ4〉i ⊗ |−〉i, (11)
|MF2〉 =
N∏
i=1
|ϕ4〉i ⊗ |+〉i. (12)
Explicitly, the above states can be described as fol-
lows: the FI phase corresponds to the antiferromagnetic
Heisenberg spins with ferromagnetically oriented Ising
spins upwards, theMF0 phase corresponds to modulated
ferromagnetic Heisenberg spins with Ising spins oriented
ferromagnetically to downwards,MF2 phase corresponds
3to modulated ferromagnetic Heisenberg spins with Ising
spins oriented ferromagnetically upwards.
Whereas the corresponding ground state energies are:
ε2,1 = EFI =
Jz
4
− h
2
− J
2
, (13)
ε0,0 = EMF0 = −
Jz
4
+
h
2
−
√
(h− J0)2 + 1
4
J2γ2,(14)
ε2,0 = EMF2 = −
Jz
4
− h
2
−
√
(h+ J0)2 +
1
4
J2γ2.(15)
We observe in Fig.2 that the interface between the
MF0 and MF2 phases, FI and MF0 phases are non-
degenerate, this is one of the key reasons for the rise of
pseudo-transition. Whereas, the phase transition bound-
ary between FI and MF2 phases is frustrated (2
N de-
generate) with a residual entropy per unit cell S = ln(2).
B. Thermodynamics
Here we give a brief review concerning the thermody-
namics of the model, the partition function is written
as:
Z =
∑
{σ}
e−βH, (16)
where β = 1/kBT , kB is the Boltzmann constant and T
is the absolute temperature. Through the manuscript we
will consider in units of kB, or simply set as kB = 1.
Using the transfer matrix approach[31] the solution for
the Ising-XYZ diamond chain was obtained in reference
[26]. The transfer matrix eigenvalues are given by:
λ± =
w1 + w−1 ±
√
(w1 − w−1)2 + 4w20
2
, (17)
with
wµ = 2e
βµh
2
[
e−
βJz
4 cosh
(
βJ
2
)
+ e
βJz
4 cosh (β∆µ)
]
,
are the elements of the transfer matrix.
The free energy per unit cell, in the thermodynamic
limit N →∞, becomes:
f = − lim
N→∞
1
βN
lnZ = − 1
β
lnλ+. (18)
In the next section, we show our analyzes around the
quasi-phase regions.
C. Quantum entanglement
The concurrence C can quantify the thermal entangle-
ment of a pair Heisenberg spins for same unit cell accord-
ing to the reference [32], which is defined as:
C = max
{
0,
√
Λ1 −
√
Λ2 −
√
Λ3 −
√
Λ4
}
, (19)
qMF0
qMF2qFI
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Figure 3: Density plot of the concurrence. In (a) we illustrate
the concurrence as a function of magnetic field h and xy-
anisotropy γ for a fixed value of the temperature T = 1. In
(b) shows the concurrence as a function of magnetic field h
and temperature T for a fixed γ = 0.7. Assuming established
parameters J = 100, J0 = −24 and Jz = 24.
where Λi (i = 1, 2, 3, 4) are the eigenvalues in decreasing
order associated with the matrix:
R = ρ (σy ⊗ σy) ρ∗ (σy ⊗ σy) , (20)
with σy being the Pauli matrix and ρ∗ denotes complex
conjugation of the density operator ρ. The concurrence
can be expressed in terms of the elements of ρ,
C = 2max {0, | ρ14 | −√ρ22ρ33, | ρ23 | −√ρ11ρ44} , (21)
where the elements of the reduced density matrix ρij was
expressed in terms of the correlation functions, as shown
explicitly in reference [33].
ρ11 =
1
4 + 〈SzaSzb 〉+ 〈Sza〉, (22)
ρ22 = ρ33 =
1
4 − 〈SzaSzb 〉, (23)
ρ44 =
1
4 + 〈SzaSzb 〉 − 〈Sza〉, (24)
ρ14 = 〈SxaSxb 〉 − 〈SyaSyb 〉, (25)
ρ23 = 〈SxaSxb 〉+ 〈SyaSyb 〉. (26)
Using this result, we can study the thermal entanglement
around the quasi-phases regions.
III. RESULTS AND DISCUSSIONS
In what follows we present and discuss the results con-
cerning the quantum entanglement for a pair Heisenberg
spins and entropy per unit cell, in the neighborhood of
pseudo-transition.
In Fig.3a we illustrate the concurrence as a function
of magnetic field h and the xy-anisotropy γ, for fixed
temperature T = 1 considering the spin parameters in
the legend of Fig.3. We extend the zero temperature
phases to finite temperature, where the phase becomes
quasi-phases (compare Fig.2 and Fig.3a): FI → qFI,
MF0 → qMF0 and MF2 → qMF2. These quasi-phases
mean that the spins configurations mostly remains in the
4ground states configurations given by (10), (11) and (12).
We observe between the qFI and qMF0 occurs a pseudo-
transition, and this interface for a pair spins has null
entanglement. Although the interface between FI and
MF0 states for a pair spins is entangled at T = 0. In
the low-temperature limit, this interface is strongly in-
fluenced by the interface qFI and qMF2 which is a frus-
trated state, with null entanglement at T = 0. However,
the interface between the quasi-phase qMF0 and qMF2
for a pair spins are entangled, because the interface be-
tween qMF0 and qMF2 for a pair spins are entangled in
T = 0.
In Fig.3b is shown the concurrence as a function of the
magnetic field h and temperature T . The pair spins in
the region qFI is maximally entangled at low tempera-
ture, and the entanglement decreases when increases the
temperature, presenting a standard behavior. Neverthe-
less, in the region qMF0 we can notice that entanglement
is almost constant up to a temperature T ≈ 1.5 and after
this temperature the behavior of entanglement becomes
standard as in ordinary chain model.
The concurrence C is shown versus temperature T in
Fig.4(a-c) for different values of the external magnetic
field h and γ: first column is for γ = 0.7, second col-
umn is for γ = 0.75 and third column is for γ = 0.8.
The quantum entanglement presents an unusual behav-
ior, which remains almost constant up to pseudo-critical
temperature. The other interesting behavior is in the
pseudo-transition (Fig.4(a-b)), where the entanglement
is null between the pseudo-transition qFI and qMF0,
due to the strong contribution of qMF2.
In Fig.4a we can observe that for magnetic field h ≥
12.8 the concurrence has a standard behavior. For mag-
netic field h ≤ 12.75 the concurrence, remains almost
constant C ≈ 0.6885 up to pseudo-critical temperature
Tp < 0.3726, but in pseudo-critical temperature, the con-
currence drops sharply to zero, due the spin systems is
disentangled in the frustrated interface between qFI and
qMF2 states. For magnetic field h = 12.5, we can no-
tice the same behavior as for h = 12.7. For h = 10 and
Tp ≤ 1.4369 the concurrence persist almost constant and
decreasing to zero less abruptly, since the influence of
interface qFI and qMF2 is suppressed by thermal exci-
tation. The concurrence remains zero in the interval of
1.4369 < Tp < 1.5103, for higher temperature the con-
currence increases up to C ≈ 0.0374 and then decreases.
In Fig.4b we observe a similar behavior to that re-
ported in (a). In Fig.4c shows the concurrence for mag-
netic field h = 13.0639. In this case, the concurrence
is almost constant up to the pseudo-critical temperature
Tp ≈ 0.2994, for higher temperature, the concurrence
jumps from C ≈ 0.733515 to C ≈ 0.9644. Because the
concurrence in qMF0 at zero temperature is C = 0.73364
and in the concurrence in qMF2 region is C = 0.9647 at
T = 0. The same behavior occurs for a lower magnetic
field. For magnetic fields smaller than h < 13.07 the con-
currence leads to standard behavior because there is no
pseudo-transition.
We also analyzed the behavior of entropy per unit cell
S = −(∂f/∂T ) in pseudo-transition as a function of the
temperature T . In low temperature limit (T < Tp) the
entropy is given by
S ≈ (1− 2∆
T
)e−2∆/T , (27)
where ∆ = min(ε1,0 − ε0,0, ε0,1−ε0,02 ) and ε0,0 is given in
(14), whereas the other energies were defined in reference
[25] ε0,1 = Jz/4 − (J − h)/2, ε1,0 = Jz/4 − J/2. When
∆/T ≫ 1 the entropy leads to S → 0.
In Fig. 4d is illustrated that the entropy as a function
of temperature, where we observe the entropy remains
almost null given by (27), presenting an abrupt jump at
pseudo-critical temperature Tp, after the jump the en-
tropy increases smoothly with increasing the tempera-
ture. In Fig. 4e is illustrated the entropy as a function
of the temperature, where we observe the entropy is null
bellow Tp and above Tp (but close to Tp) the curve is al-
most a constant leading to S = ln(2), whereas for higher
temperature the system behaves as for ordinary one. We
can note when the entropy reaches the pseudo-critical
temperature it jumps up to S ≈ ln(2) because the inter-
face between qFI and qMF2 is a frustrated region due
to the Ising spins configuration and presents a residual
entropy of S = ln(2) in T = 0. In Fig. 4(f) we illustrate
the entropy S versus T , where we choose a logarithmic
scale because in this scale we magnify the small entropy
behavior, observing still a small jump in entropy.
IV. CONCLUSION
Despite there is no real phase transition in one-
dimensional models. Lately, have been explored some
peculiar one-dimensional models that manifest a surpris-
ing pseudo-transitions and quasi-phases. This pseudo-
transition closely follows a first- and second-order phase
transition simultaneously. So we consider a spin-1/2
Ising-XYZ diamond chain with external magnetic field
applied along the z-axis, where the Ising spins are located
at the nodal sites, and the Heisenberg spins are located at
the interstitial sites, with Ising-type interaction between
the nodal and interstitial sites, and Heisenberg-type in-
teraction between interstitial sites. This model has al-
ready been extensively studied in the literature, the par-
ticular case we consider here exhibits a fascinating prop-
erty as the pseudo-transition. We explore how this prop-
erty manifests in quantum entanglement and entropy,
near the pseudo-transition, as well as in quasi-phase re-
gions (qFI, qMF0 and qMF2). We study the quan-
tum entanglement by measuring the concurrence. We
observe that the temperature-dependent concurrence in
the region qMF0 remains almost constant up to a pseudo-
critical temperature. By analyzing the quantum entan-
glement at the interface of qFI and qMF0, we find that
quantum entanglement is null, due to the influence of
the interface between qFI and qMF2 which is frustrated
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Figure 4: Concurrence C as a function of the temperature T (a-c) and entropy S versus temperature T (d-f), fixed J = 100,
J0 = −24, Jz = 24. In first column for γ = 0.7, in the second column for γ = 0.75 and in the third column for γ = 0.8.
state with null entanglement. We analyze the entropy
as a function of temperature and observe an unusual be-
havior of the entropy that occurs when it reaches the
pseudo-critical temperature. We can also observe that
the entropy remains almost null with the temperature,
up to the pseudo-critical temperature, after which the en-
tropy jumps and then behaves like a standard spin chain.
We find that at the interface between qFI and qMF2,
the entropy upon reaching the pseudo-critical tempera-
ture jumps from almost zero to S ≈ ln(2), and remains
practically constant and slowly starts to increase, this is
because the interface is frustrated at T = 0 with residual
entropy per unit cell S = ln(2).
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